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ABSTRACT 

Let K be an (infinite) number field. If K is elementarily determined by its abso- 
lute Galois group G(K) (see (1.1) below), then K is isomorphic to t), R O l) or 
some henselian subfield of t). 

1. Introduction and result 

In this note we prove that an algebraic number field K (i.e., a subfield of the al- 

gebraic closure 1) of the field Q of  rational numbers) whose "algebraic properties" 

are completely "determined" by its absolute Galois group G (K) = Aut( / ( /K)  is iso- 

morphic to either C O 1), R O t), or an algebraic extension of  Qp O l) where Qp 

is the field of  p-adic numbers for some rational prime p. This answers a question 

posed by M. Jarden. 

To be more precise, we will consider fields K C 1) such that, for all fields L of  

characteristic zero, 

(1.1) i f  G ( L )  -~ G ( K )  and L = LQ, then L -- K .  

The isomorphism is meant as isomorphism of  profinite groups, and L - K 

denotes that L and K are elementarily equivalent. This last notion comes from 

model theory (see, e.g., [C-K] or [P]) and means, in the case of  the fields K and 

L, that every property of K which can be expressed by some formula ~, using only 

field operations and quantification over arbitrary elements of  K, also holds in L. 
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(Note that by passing to negated formulas ~ ¢ one sees that the relation K =- L is 

actually symmetric.) In this paper we will understand by an "algebraic property" 

of K a property which can be expressed by such a formula. Thus, K and L have 

the same algebraic properties if they are elementarily equivalent. It is known from 

model theory that a field K (of characteristic zero) has elementarily equivalent 

fields L in any infinite cardinality. Thus, elementary equivalence of K and L by no 

means implies isomorphism. However, it is also well known in model theory that 

K and L are elementarily equivalent, if and only if they have isomorphic 

ultrapowers (see [C-K]). 

If an algebraic number field K satisfies (1.1), we say that K is elementarily de- 

termined by G(K) .  Fields K, for which (I.1) holds, are the local fields C, R, and 

all Qp. In fact, for fields L of characteristic zero we have: 

(1.2) i f  G(L)  = G(C), then L - C, 

(1.3) i f  G(L)  =- G(R), then L -- R, 

(1.4) i f G ( L )  = G(Qp) and LQ = L, then L - Qp. 

In (1.2), G(L)  = 0 implies that L is algebraically closed. Since char L = 0, it is 

well known ~ that L - C. In (1.3) we have G(L)  = Z/2Z which, by a theorem of 

Artin-Schreier ([A-S], Satz 4), implies that L is real closed. Now the well-known 

Tarski Principle gives that L --- R. The result of (1.4) is due to F. Pop ([Po], The- 

orem E.11). Whether the additional condition LI) = L can be dropped or not is 

still unknown. For that reason we have also added this condition to (1.1). But it 

should be pointed out that adding this condition actually strengthens our result. 

If we replace the fields C, R, and Qp by their algebraic parts C n 0 ,  R n 0 ,  

and Qp G 0 ,  nothing changes in (1.2)-(1.4). In fact, the absolute Galois group of 

the algebraic part is the same as that of the corresponding local field. Now our re- 

sult is 

TrmOREM. Let K be an algebraic number field. I f  K is elementarily determined 

by G(K),  then K is isomorphic either to C n Q, R n Q or to some algebraic ex- 

tension of  Qp N Q where p is a rational prime. 

An algebraic extension K of Qp N 0 clearly is henselian valued by the unique 

extension of the p-adic valuation to K. The classification of those extensions which 

actually are elementarily determined by their absolute Galois groups is still missing. 

tOften called the Lefschetz Principle. 
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2. Proof of the theorem 

In the lemma below we will show that an algebraic number field K which satis- 

fies (1.1) carries a V-topology r such that K is relatively algebraically closed in the 

completion (K, r) .  Before stating and explaining this result, let us introduce the 

relevant notions. We will use here the notations of  [P-Z]. 

By a field topology r of  K we mean a topology r (given by the set of  zero neigh- 

bourhoods) such that all field operations are continuous when defined. T is called 

a V-topology if 

(2.1) 
for  all U E r there exists V E r such that  for  all x , y  E K: 

i f  xy  E V then x E U or y E U. 

It is known from [F] and [K-D] that V-topologies are exactly those topologies r 

which are either induced by some archimedean absolute value or some valuation 

(of arbitrary rank) on K. 

The completion (K, r) of  a topological field (K, r), as a uniform space, is in gen- 

eral no longer a topological field (see [B], Ch. III, §6.8). In the case of  a V-topo- 

logical field, however, the completion is either R or C together with the usual 

topology (if r is induced by some archimedean absolute value) or it is a complete 

valued field (see, e.g., [A], Appendix, §3). Thus, (K, r) is again a V-topological 

field. In both cases the V-topology of K can be extended to a V-topology ~ o f / (  

such that r is induced from ~ to K. Clearly, (K, r) is a closed subspace in the com- 

pletion (K, ~) of (/(, ~). It is now easy to prove that K is relatively algebraically 

closed in (K, r) if and only if 

(2.2) 
every polynomial f E K[X]  whose value set f ( K )  approaches O, 

actually has a zero in K. 

In fact, if o~ E / ( ' \ K  is algebraic over K, then f =  Irr(ct,K) has no zero in K, but 

clearly approaches 0 with values from K. Thus (2.2) does not hold. Conversely, let 

K be relatively algebraically closed in (K, r) and a s s u m e f E  K[X]  has no zero in 

K. Then, i n / (  we have f ( X )  = a ~ ' _ l ( x  - .~ i )  with ai E / ~ \ / f .  Hence, there is 

some neighbourhood U in the completion (K, ~) such that ai + U I"1/( = O for all 

1 ___ i _< n. From (2.1) it now follows that there exists a neighbourhood Vin (K,~) 

such that f ( /~)  N V =  9 .  This clearly impl ies f (K)  O (VO K) = O. Thus, f ( K )  

cannot approach 0. 

The main step for the proof of  our theorem is the following 



202 A. PRESTEL Isr. J. Math.  

LEMMA. Let K be an algebraic number fieM satisfying (1.1). Then there exists 

a V-topology on K such that K is relatively algebraically closed in the completion 
A 

(K,r) .  

The theorem now follows from the lemma. In fact, let K be an algebraic num- 

ber field. If the V-topology r given by the lemma is induced by some archimedean 
A 

absolute value of K, the completion (K, r) must be either C or R with the canon- 

ical topology. Since K is relatively algebraically closed in (K, r), K is either C f) 

0 or R iq 0 .  If, however, the V-topology r is induced by some valuation v of K, 

the restriction of v to Q must coincide with some p-adic valuation vp of Q. Since 

K is an algebraic extension of Q, the value group v(K) has rank 1 (it actually is 
A 

contained in Q). Thus the completion (K, r) contains the completion of (Q, vp), 

i.e., it contains the p-adic number field Qp. Since K is relatively algebraically 

closed in (K,"~), it contains the algebraic part Qp f) 0 of Qp. Thus, in particular, 

K is henselian w.r.t, the valuation v. 

PROOF OF ThE LF~U_A. Let K be an algebraic number field. We consider the 

field J/ 

(2.3) L = K(( t° ) )  

of formal series in t with rational, well-ordered exponents and coefficients from 

K. By v we denote the canonical valuation of L which assigns to each series the 

lowest exponent of t occurring in this series. The valued field (L, v) is henselian 

and the value group v(L) = Q is divisible. From these facts one easily deduces that 

(2.4) G(L)  _~ G(K)  and L = L(~. 

For the second part of (2.4) one uses that a henselian field of residue characteris- 

tic zero cannot have an immediate algebraic extension. Thus, after making the res- 

idue field K algebraically closed by adding zeros from ~), the field itself becomes 

algebraically closed. 

Now by (1.1) we obtain L - K from (2.4). For L we have a V-topology r, namely 

that induced by v, such that L is relatively algebraically closed in the completion 
A 

(L, z), since (L, z) is actually complete. The main point of the proof is now to 

transfer the existence of such a V-topology from L to K. This will be done by ex- 

pressing the existence of such a V-topology purely 'algebraically'. 

In case K = 0 = C f) I) there is nothing left to prove. Thus, we may assume that 

there exists a polynomial g E Z[X] \ Z  which has no zero in K. Since K -  L and 

~tWe are grateful to M. Jarden for drawing our attention to this field. 
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the coefficients of  g are integers, g has no zero in L too. Since L is relatively al- 

gebraically closed in the completion (L, z), we get from (2.2) that g(L)  is bounded 

away from 0, i.e. there is some U E r such that U n g(L)  = 0 .  If we choose 

a E K such that g' (a) ~ 0, Hensel's Lemma implies that b = g(a) is an inner point 

of  g(L) .  Thus, the set 

(2.5) S = {g (x ) - '  - b - l  x e L} 

is a bounded neighbourhood of  zero, and hence the multiples 

(2.6) c .S  with c E L × 

form a base for the topology z (cf. [P-Z], Lemma 2.1, and the definition of  V- 

topologies). Using this fact, we can now formulate (2.2) as follows: 

for  all f E L [ X ] :  i f  to any c E L × there exists some a E L 
(2.7) 

such that f ( a )  E cS, then f has a zero in L. 

Clearly, this can be expressed in the (algebraic) language of  fields: let ~ (c ,y )  

denote the formula 

(2.8) 3x y = c (g (x )  -1 - b - l ) ,  

then (2.7) may be expressed as a scheme of formulas depending on the degree of  

f If  we let 

(2.9) f =  ao + . . . +  adX a 

then (2.7) for the degree d is expressed by the formula ~ba 

(2.10) ¥a0 . . . . .  ad[¥C ~ 0 3Z~(C, f (z ) )  ~ 3 z f ( z )  = 0]. 

Since K - L, every ~d also holds in K. Thus the collection of  sets 

(2.11) c.SK with c E K × and SK = {g(x) -1 - b -l  Ix E K I satisfies (2.7) in K. 

It remains to be seen that the collection (2.11) is a base of  some V-topology on 

K. This, however, also can be easily expressed by some formula o using, again, the 

base defined by ¢ as in (2.10). Since o holds in L by construction, and K - L, it 

also holds in K. q.e.d. 

Let us mention at the end of  this note that it was essential to start with an al- 

gebraic number field K. In this case a V-topology z on K which is not induced by 

some archimedean absolute value must come from a rank 1 valuation v. This im- 
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plies that the completion of (K, v) is a henselian field. In case K is an arbitrary field 

of characteristic zero which would satisfy 

(2.12) G ( K )  = G ( L )  = K - L 

for every field L of characteristic zero, the proof of our Lemma would give a valu- 

ation v of arbitrary rank, and thus (K, v) would no longer be henselian. In this 

case, however, one can strengthen the lemma in the following sense. 

In [P-Z] the notion of a topological henselian field has been introduced. This 

is a V-topological field (K, r) which satisfies the following topological version of 

Hensel's Lemma: 

(2.13) to every n there exists some  U E r such that every po lynomia l  

X "+1 + X n + a , _ ~ X  "-~ + . .  • + ao with ai E U has a zero ~ ~: 0 in K. 

Every algebraically closed field K with any V-topology r is topologically hen- 

selian. Also, every real closed field K with the V-topology induced from its unique 

ordering as well as every henselian valued field (K, v) with the V-topology induced 

by v is topologically henselian. As shown in [P-Z], these examples, however, do 

not exhaust the class of topological henselian fields. 

Using essentially the same arguments as in the proof of the lemma (see also 

[P-Z], Remark 7.11) one gets the following 

REMARK. Every field K of characteristic zero satisfying (2.12) carries a V- 

topology r such that (K, T) is topologically henselian. 

It should be mentioned that a topological henselian field (K, r) always is rela- 

tively algebraically closed in its completion, but not conversely. 

What we have just explained is only relevant if the following problem has a pos- 

itive answer. 

PROBLEM. Does there exist a field K of characteristic zero such that for all fields 

L of characteristic zero 

(2.14) G ( K ) = G ( L ) = K - L  and L £ t ) ?  
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